Abstract. In this paper we are concerned with the finiteness property of Extindices of several ring extensions. In this direction, we introduce some conjectures and discuss the relationship of them. Also we give affirmative answers to these conjectures in some special cases. Furthermore, we prove that the trivial extension of an Artinian local ring by its residue class field is always of finite Ext-index and we show that the Auslander-Reiten conjecture is true for this type of rings.
introduction
Throughout the paper, all rings are assumed to be commutative Noetherian rings with unity.
Let R be a ring. According to [2] , given nonzero R-modules M and N, we define p R (M, N) by the following equality:
And we define the Ext-index of the ring R, denoted by Ext-index(R), to be the supremum of finite values of p R (M, N) for finitely generated R-modules M and N, i.e.
Ext-index(R) = sup{p R (M, N) | M and N are finitely generated Conjecture (L) : Let R be a ring and let p ∈ Spec(R). If R is of finite Ext-index, then so would be the localization R p .
Conjecture (E) : Let R be an algebra over a field k and let ℓ be a finitely generated extension field of k. If R is of finite Ext-index, then so would be the ring R ⊗ k ℓ.
Conjecture (P) : Let R be a ring. If R is of finite Ext-index, then so would be the polynomial ring R[x].
In Section 2, after making some preliminaries, we discuss the relationship among these conjectures (Proposition 2.8). We shall also give some of the obvious cases for the above conjectures.
In Section 3, we are interested in the trivial extension R(k) of an Artinian local ring R with its residue class field k. Surprisingly enough, we prove that R(k) is always of finite Ext-index (Corollary 3.4). Furthermore we can show that the AuslanderReiten conjecture is true for the rings of this type (Corollary 3.6).
In Section 4, we are interested in how the finiteness of Ext-index is preserved by a base field extension for algebras. To be precise let R be a finite dimensional algebra over a field k and we consider a transcendental extension k(x) of k. We show under a mild assumption that if R is of finite Ext-index then so is the extended ring R ⊗ k k(x). See Theorem 4.2 for the detail. We also give some variants of this theorem in Theorems 4.4 and 4.6.
For unexplained notation and terminologies in the paper, see the books [3] , [5] , [10] and [13] .
Preliminaries
We recall some of the basic facts concerning the Ext-indices.
Lemma 2.1.
(1) Let R → S be a faithfully flat ring homomorphism. Then the inequality Ext-index(R) ≤ Ext-index(S) holds. In particular, if S is of finite Extindex, then so is R. (2) Let R = R 1 × R 2 be a product of rings. Then we have an equality
In particular, R is of finite Ext-index if and only if so are the both of R 1 and R 2 . (3) Let x be a non-zero divisor of R. Then the inequality Ext-index(R/xR) ≤ Ext-index(R) − 1 holds. In particular, if R is of finite Ext-index, then so is R/xR. (4) Let (R, m) be a Cohen-Macaulay local ring with dualizing module. And let x be a non-zero divisor of R that belongs to m. If R/xR is of finite Ext-index, then so is R. In the following we give an obvious case of Conjecture (L). In the lemma, Max(R) (resp. Min(R)) denotes the set of all maximal (resp. minimal prime) ideals of R.
In particular, if R is of finite Ext-index, then so is R m for each m ∈ Max(R) ∩ Min(R).
Proof. Let (0) = Q 1 ∩ Q 2 be an irredundant primary decomposition, where Q 1 is an m-primary component and Q 2 is the intersection of the components belonging to other primes. Since m is a maximal ideal, we have
Therefore the lemma follows from Lemma 2.1(2). Corollary 2.3. If R is an Artinian ring of finite Ext-index, then so is R p for every prime ideal p of R. The following is a corollary of the proof above.
Corollary 2.5. Let R be a Cohen-Macaulay local ring of finite Ext-index. Then the completion R is also of finite Ext-index. Lemma 2.6. Let R be a Gorenstein ring of finite Ext-index and suppose that dim(R) < ∞. Then the equality Ext-index(R) = dim(R) holds.
Before proving this, we should remark that if R is an AB ring then the equality was shown in [7, Proposition 3.2] . Also this has been proved by Mori [11, Corollary 3.3] including non-commutative cases. We give below the proof for the convenience of the reader.
Proof. Let m be a maximal ideal of R. By 2.4, we know that R m is an AB ring. It follows from the above mentioned result of [7] that Ext-index(R m ) = ht(m) ≤ dim(R). Now let M and N be finitely generated R-modules with Ext 
Hence we have Ext
On the other hand, since dim(R) = id(R), we can find a finitely generated R-
Lemma 2.7. Let R be a Gorenstein ring of finite Krull dimension and suppose R m is of finite Ext-index for each m ∈ Max(R). Then R is of finite Ext-index.
Proof. In fact, completely as in the same way as in the proof of 2.6 we can prove the following inequalities:
We observe the relationship among Conjectures (L), (E) and (P) introduced in Section 1.
Proposition 2.8.
(1) Suppose that Conjecture (P) is true for all Cohen-Macaulay local rings R of dimension one. Then Conjecture (L) is true for all Cohen-Macaulay local rings R of any dimension with dualizing module.
is true for R and for all simple algebraic extensions ℓ of k. (3) Suppose that Conjectures (L) and (E) are true for all Gorenstein rings containing field. Then Conjecture (P) is true for all Gorenstein rings of finite Krull dimension that contain fields.
Proof.
(1) Suppose (P) holds for all Cohen-Macaulay local rings of dimension one. Let (R, m) be a Cohen-Macaulay local ring with dualizing module and let p ∈ Spec(R), and assume that R is of finite Ext-index. To prove that R p is of finite Ext-index, by induction on ht(m/p), we may assume that ht(m/p) = 1. Take a maximal regular sequence {x 1 , . . . , x h } in p (so that h = ht(p)), and consider the residue ring R = R/(x 1 , . . . , x h ). By virtue of Lemma 2.1 (3) and (4), replacing R by R, we may assume that R is of one dimension and p ∈ Min(R). Then take a non-zero divisor a ∈ m. Since R[x] is of finite Ext-index, it follows from Lemma 2.
is also of finite Ext-index. Since R a is Artinian and a ∈ p, the localization R p is of finite Ext-index as well, by Corollary 2.3.
) is of finite Ext-index as well, by Lemma 2.1(3).
(3) Let R be a Gorenstein ring of finite Ext-index that contains a field. To prove that the polynomial ring R[x] is of finite Ext-index, we only have to show that
and we have that R p is of finite Ext-index by the assumption that (L) is true for R. Replacing R with R p , we may assume that (R, m) is a Gorenstein local ring of finite Ext-index and that M ∩ R = m. By virtue of Lemma 2.1(1) and Corollary 2.5, we may also assume that R is a complete local ring. Since R contains a field, R has a coefficient field k. Then it is obvious that there is an irreducible polynomial
. By Lemma 2.1(4), the finiteness of
, which is of finite Ext-index by the validity of (E) and (L).
As to Conjecture (P) we give an affirmative answer in a special case.
Proposition 2.9. Let R be an Artinian Gorenstein ring of finite Ext-index. Assume that every residue class field of R is algebraically closed. Then the polynomial ring R[x 1 , ..., x n ] is also of finite Ext-index.
Proof. By Lemma 2.7, it is enough to prove that R[x 1 , ..., x n ] M is of finite Extindex for every maximal ideal M of R[x 1 , ..., x n ]. Since R is Artinian, we see that M ∩ R = m is a maximal ideal of R and R/m is an algebraically closed field. Therefore, by Hilbert's Nullstellensatz, there are elements r 1 , . . . , r n ∈ R with M = (m,
M is of finite Ext-index by Corollary 2.3 and since {x 1 −r 1 , ..., x n −r n } is a regular sequence contained in the Jacobson radical of R[x 1 , ..., x n ] M , it follows from Lemma 2.1(4) that R[x 1 , ..., x n ] M is of finite Ext-index.
Trivial Extensions
Let M be an R-module. Recall that the trivial extension R(M) of R by M is defined to be R⊕M as an underlying R-module that is equipped with ring structure by defining the multiplication by
There are ring homomorphisms ρ : R −→ R(M) with ρ(r) = (r, 0) and π : R(M) −→ R with π(r, m) = r. Note that π · ρ is the identity mapping on R.
In this section we are mainly concerned with the trivial extension R(k) of the local ring (R, m, k) by the residue class field k. We prove the following theorem as a main result of this section.
Theorem 3.1. Let (R, m, k) be a local ring and M, N be nonzero non-free finitely generated R(k)-modules. Then Tor
The following is a key to prove the theorem. Notice that any R-module can be regarded as an R(k)-module through π : R(k) → R. Lemma 3.2. Let (R, m, k) be a local ring. Then for R-modules M and N and for an integer n ≥ 1 we have an isomorphism
Proof. Set A = R(k), x = (0, 1) ∈ A and let n be the maximal ideal of A. Note that n = (0 : A x) holds and there is an isomorphism R ∼ = A/Ax as a ring. Now consider the short exact sequence of A-modules:
, which is actually a triangle in the derived category D − (R, A) of right bounded chain complexes of (R, A)-bimodules. Consider the natural augmentation ǫ : R ⊗
. Thus π has a left inverse ǫ. Therefore the triangle splits off and it gives an isomorphism in D − (R, A): 
. The lemma follows by taking the homology modules of the both ends.
Remark 3.3. Let S be a local ring with residue class field ℓ and let M, N be Smodules such that ℓ S (Tor S n (M, N)) < ∞ for all n. Then we can consider the generating function P Recall that the Poincaré series P S M (t) of M is defined to be P S ℓ,M (t) and the Poincaré series P S ℓ (t) is denoted simply by P S (t). Note that by the previous lemma we can show the equality
if M and N are finitely generated R-modules with ℓ R(k) (Tor R(k) n (M, N)) < ∞ for all n. Applying this to M = N = k, we have
which is a special case of a theorem of Gulliksen [6, Theorem 2]. Now we proceed to the proof of the theorem.
Proof of Theorem 3.1. We use the same notation as in the proof of Lemma 3.2. Suppose Tor A n (M, N) = 0 for some n ≥ 3. Replacing M and N with their first syzygies, we may assume that Tor A n (M, N) = 0 for some n ≥ 1 and that xM = 0 and xN = 0, since M ⊆ nF and N ⊆ nG for some free A-modules F and G. Thus we may assume M and N are modules over R through the identification R ∼ = A/Ax. Then by Lemma 3.2, the equality Tor 
In particular, the equality Ext-index(R(k)) = 0 holds.
Proof. Taking the Matlis dual which we denote by ( ) ∨ , we have Tor 
In either case R(k) must be a Gorenstein ring. However, since the socle dimension of R(k) is bigger than that of R by 1, there is no chance for R(k) to be Gorenstein. Corollary 3.6 (Auslander-Reiten conjecture for R(k)). Let (R, m, k) be an Artinian local ring and let M be a finitely generated module over R(k). Suppose that Ext i R(k) (M, M ⊕ R(k)) = 0 for all i > 0 (or more weakly, for some integer i ≥ 3). Then M is a free R(k)-module.
Proof. By Corollary 3.4, either
In the latter case R(k) has to be a Gorenstein ring. However this never occurs as we have already remarked in the proof of the previous corollary.
More ring extensions
Let R be an algebra over a field k. And let M be a module over the polynomial ring R [x] . The specialization of M to an element α ∈ k is defined by
Remark that if M is a finitely generated R[x]-module, then M α is a finitely generated R-module. Lemma 4.1. Let R be a k-algebra and let α ∈ k. Assume that x − α is a nonzero divisor on R[x]-modules M and N. Then we have an exact sequence
Proof. From the obvious exact sequence
By the definition of specialization it is easy to verify that coker(
Related to Conjecture (E) in Section 1, we are now able to the following theorem.
Theorem 4.2. Suppose that k is an uncountable field and R is a finite dimensional k-algebra of finite Ext-index. Let k(x) be a transcendental extension of k. Then R ⊗ k k(x) is also of finite Ext-index. More precisely, the inequality
Proof. Set b = Ext-index(R) and let M ′ and N ′ be finitely generated
We only have to show that Ext
Notice that x − α acts on M and N as a non-zero divisor for each α ∈ k.
Since we have an isomorphism Ext
On the other hand, since R is a finite dimensional k-algebra, each module Ext
Hence it has a decomposition as a k[x]-module as follows:
where
k(x) are vanishing for i ≫ 0, we have r i = 0 for i ≫ 0. Since there are only countably many equations f ij (x), we can find an element α ∈ k with the property f ij (α) = 0 for all i, j. Then, since x − α acts bijectively on k[x]/(f ij (x)), we see that Tor The ring R is called Ext-bounded if Ext-gap(R) < ∞. We should remark from [7, Theorem 3.4(3) ] that if R is a Gorenstein local ring that is Ext-bounded, then R is of finite Ext-index.
Keeping in mind this remark, we can prove the following statement completely in a similar way to the proof of Theorem 4.2:
Theorem 4.4. Let R be a finite dimensional k-algebra where k is an infinite field, and let k(x) be a transcendental extension of k. If R is Ext-bounded, then so is R ⊗ k k(x). More precisely the inequality Ext-gap(R ⊗ k k(x)) ≤ Ext-gap(R) holds.
Proof. Let M ′ and N ′ be finitely generated R ⊗ k k(x)-modules and suppose that Ext R⊗ k k(x) (M ′ , N ′ ) has a gap of length t. To prove t ≤ Ext-gap(R), we use the same notation as in the proof of Theorem 4.2. First we can find finitely generated R[x]-modules M and N and an integer n satisfying Ext
k(x) = 0 for j = n, n + t + 1. As in the proof of Theorem 4.2, we decompose Ext
-modules into direct sums of indecomposable ones, and we have a finite number of equations f ij (x) (n + 1 ≤ i ≤ n + t + 1, 1 ≤ j ≤ s i ). Now we choose an element α ∈ k that is not a zero of any of these polynomials. Then, as in the same way as the proof of Theorem 4.2, we can show Ext i R (M α , N α ) = 0 for n + 1 ≤ i ≤ n + t. Thus by definition we have t ≤ Ext-gapR. Cohen-Macaulay R-modules M and N with P R (M, N) < ∞. In fact, setting Note that in the case that R ia a Gorenstein local ring, we have the equality Ext-index(R) = ζ(R). (M ′ , N ′ ) = 0 for i ≫ 0. We shall show that this vanishing holds for all i > t.
As in the proof of Theorem 4.2, we can find finitely generated R[x]-modules M and N, such that Ext 
where f ij = 0 are irreducible polynomials of k [x] . As before we can choose an element α ∈ k so that f ij (α) = 0 for all i, j. Since x − α acts bijectively on k[x]/(f ij (x)), we see that (E i /mE i ) α = k r i for i. By the assumption, since r i = 0 holds for i ≫ 0, we have (E i /mE i ) α = 0 for i ≫ 0. Note that (E i /mE i ) α ∼ = E 
